RESTRICTED INFINITESIMAL DEFORMATIONS OF 
RESTRICTED SIMPLE LIE ALGEBRAS 



FILIPPO VIVIANI 



Abstract. We compute the restricted infinitesimal deformations of the re- 
stricted simple Lie algebras over an algebraically closed field of characteristic 
p > 5. 



1. Introduction 

Simple Lie algebras over an algebraically closed field F of characteristic p ^ 2,3 
have recently been classified by Block- Wilson-Premet-Strade (sec [B W84] . |SW91| . 
|STR89j , |STR92j , |STR91 j , |STR93j . ,STR94 . | STR981 . [PS97] . £S99J, [PSOT] . [PS04] . 
[PS06] . [PS07) . [PS08) . |STR04| ). The classification says that for p > 7 the simple 
Lie algebras can be of two types: of classical type and of generalized Cartan type. 

The algebras of classical type are obtained by considering the simple Lie 
algebras in characteristic zero (classified via Dynkin diagrams), by taking a model 
over the integers via the Chevalley bases and then reducing modulo the prime p 
(see [SEL67]). 

The algebras of generalized Cartan type were constructed by Kostrikin-Shafare- 
vich, Wilson and Kac ([KH66], [KS69] . |WIL69j . [WIL76) . [KACTO;, [ KA(;740 and 
are divided into four families, called Witt-Jacobson, special, Hamiltonian and con- 
tact algebras. These four families arc the finite-dimensional analogue of the four 
classes of infinite-dimensional complex simple Lie algebras, which occurred in Car- 
tan's classification ([CAR09J) of Lie pseudogroups. 

In characteristic p — 5, apart from the above two types of algebras, there 
is one more family of simple Lie algebras called Melikian algebras (introduced in 
(MELSOj). In characteristic p = 2,3, there are many exceptional simple Lie algebras 
(see |STR041 page 209]) and the classification seems still far away. 

We are interested in a particular class of modular Lie algebras called re- 
stricted. These can be characterized as those modular Lie algebras such that the 
p-power of an inner derivation (which in characteristic p is a derivation) is still 
inner. Important examples of restricted Lie algebras are the ones coming from 
groups schemes. Indeed there is a one-to-one correspondence between restricted 
Lie algebras and finite group schemes whose Frobcnius vanishes (see jDG70[ Chap. 
2]). 

The aim of this paper is to compute the restricted infinitesimal deformations 
of the restricted simple Lie algebras in characteristic p > 5. By standard facts of 
deformation theory (see for example |GER64j ) . restricted infinitesimal deformations 
of a restricted Lie algebra g are parametrized by the second restricted cohomology 
group H^{b,q) of with values in the adjoint representation (see [HOC54| ). 

The restricted simple Lie algebras of classical type are known to be rigid as 
Lie algebras, under the assumption p > 5 (see |RUD71j ). This is equivalent to the 
vanishing of the second ordinary cohomology group H^{q, q) for g restricted simple 
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of classical type. Therefore, using the so-called Hochschild 6-term exact sequence 
(see ()2.ip below), one can easily deduce the vanishing of H^{g, g), which implies that 
these algebras are rigid also as restricted Lie algebras. Note that in characteristic 
zero, the vanishing of H^{g,2) for g simple follows from a classical result, known 
as second Whitehead's Lemma (see for example [HS97) ). Interestingly, some of the 
classical simple Lie algebras admit non-trivial deformations in characteristic p = 2 
or 3 (see |DZIJ76) . [CKOO], [CKKOO], [CHE05]). 

Under the assumption p > 5, we compute the restricted infinitesimal defor- 
mations of the restricted simple Lie algebras not of classical type: the four infinite 
families W{n) := Win,!), S{n) := Sin,!), K{n) K{n,!), H{n) := H{n,!) and 
the exceptional restricted Melikian algebra M :— M(l, 1) in characteristic p = 5. 
Using the notations about those algebras which we are going to recall in what fol- 
lows and the squaring operation Sq (see section 2.2), we can state our results as 
follows. 

Theorem 1.1. The infinitesimal restricted deformations of the restricted Jacobson- 
Witt algebra W{n) are given by 

n 

H^AW{n),W{n)) - H\W (n) , W (n)) = 0(Sq(A))F. 

i=l 

Theorem 1.2. The infinitesimal restricted deformations of the restricted special 
algebra S{n) are given by 

n 

H'AS{n),S{n))=^{Sq{D,))F. 

i=l 

Theorem 1.3. The infinitesimal restricted deformations of the restricted contact 
algebra K{n) are given by 

2m 

Hl{K{n), K{n)) = H\K{n),K{n)) = 0(Sq(a;,))F ® (Sq(l))F. 

1=1 

Theorem 1.4. The infinitesimal restricted deformations of the restricted Hamiltonian 
algebra H{n) are given by 

n 

Hl{H{n),H{n)) = 0(Sq(a;,))F © ($)f, 

i=l 

where the cocycle $ is defined as 

0<5<a,fe 

Theorem 1.5. The restricted infinitesimal deformations of the restricted Melikian 
algebra M are given by 

2 2 

Hl{M,M) = H\M,M) = (Sq(l))f.0(Sq(A))F0(Sq(A))F. 

1=1 1=1 

We prove these theorems using the computation of the second ordinary cohomol- 
ogy group H'^{q,q) that we performed in [VI VI] . |VIV2j and |VIV3j . together with 
the 6-term exact sequence of Hochschild (see section 2.1) that relates the ordinary 
and restricted cohomology. 

Note that the second restricted cohomology group for the above algebras 
is freely generated over F by the squaring operators of the elements of negative 
degree, with one remarkable exception: for the Hamiltonian algebra H{n), there is 
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an exceptional extra-cocycle $. Observe moreover that, quite interestingly, for the 
special algebras S{n) and the Hamiltonian algebras H{n), the restricted cohomology 
group HI{q, q) is a proper subgroup of the ordinary cohomology group H^{q, g). In 
other words, there are infinitesimal deformations of the algebra that do not admit 
a restricted structure. 

Since the restricted infinitesimal deformations of a restricted Lie algebra g 
correspond to the infinitesimal deformations of the associated finite group scheme 
G of height one, the above results give the infinitesimal deformations of some simple 
finite group schemes (see jVIV4| and |VIV5j for more details). In order to complete 
the picture, it would be very interesting to extend the above computations to the 
minimal p-envelope of all the simple Lie algebras. 

The paper is organized as follows. The section 2 contains preliminary results. 
We quickly review the ordinary and restricted cohomology of Lie algebras and the 
6-term Hochschild exact sequence relating the first two ordinary and restricted 
cohomology groups. Moreover we recall the definition of the squaring operation. 
In each of the remaining five sections, we recall the basic definitions of the five 
classes of restricted simple Lie algebras of non-classical type and we compute the 
corresponding infinitesimal deformations. 

2. PRELIMINARIES 

2.1. Ordinary and restricted cohomology. In this section we review, in order 
to fix notations, the ordinary and restricted cohomology of Lie algebras, following 
[H^ and |H()C54j . 

Let be a Lie algebra over a field F. We denote by Ug the universal enveloping 
algebra of g and by /g its augmentation ideal, that is the kernel of the augmentation 
map e : t/g — > F. For a g-module M (or, equivalently, an unital t/g-module), the 
(ordinary) cohomology groups iJ"(0,M) are the right derived functor of the fixed 
point functor M i-^ M^, considered as a functor from the category of g-modules 
to the category of abelian groups. They can be computed into two different ways, 
using a Lie complex or an associative complex. 

The Lie complex has n-dimensional cochains C"'{g,M) = {/ : A"(g) AI} 
and differential d : C"(0, M) C"+i(0, M) defined by 

n 

df{xo, ...,Xn) =^(-l)'Xi • f{xo, ...,Xi,.. .,Xn) + 

i=Q 

^ ^ ( 1)^ '/([■^pj •^q]^ "^Oj ■ ■ ■ J 2fp, . . . , afq, . . . Xn) 

p<q 

where the sign "means that the argument below must be omitted. 

The associative complex has n-dimensional cochains C" (/g , M) — {g : I®"' 
M}, and differential d : C"(Jg,M) ^ C"+i(/g, A/) defined by 

71 

dg{so, ■ ■ ■ Sn) = So ■ gisi,- • ■ , s„) -I- ^(-l)'g(so, • ■ ■ , Si_iSj, ■ • ■ , s„). 

i=l 

Now let (g, [p]) be a restricted Lie algebra over F. Denote by C/g^' :— Ug/ {x^ — 
x'^l) the restricted enveloping algebra of (g, [p]) and with ff^ its augmented ideal. 
For a restricted g-module M (or, equivalently, an unital t/]^' -module), the restricted 
cohomology groups H'^{q, M) are the right derived functor of the fixed point functor 
M ^ M^, considered as a functor from the category of restricted g-modules to the 
category of abelian groups. Explicitly, these can be calculated via an associative 
complex which is obtained from the one described above for ordinary cohomology 
groups simply by replacing Ig with /g^' . Observe, on the other hand, that the 



4 



FILIPPO VIVIANI 



ordinary Lie complex does not generalize to restricted cohomology, a fact which 
makes the computation of the restricted cohomology harder than the ordinary one. 

There is a 6-term exact sequence relating the first two ordinary and restricted 
cohomology groups (see |HOC54j ): 

^2 Hlig, M) ^ H\g, M) ^ HoniF,(fl, Af^) ^ 

^ HliQ, M) ^ H\q, M) ^ Homf ,(g, H\q, A/)), 

where YioTCLpr{V, W) denotes the Frobenius-semilinear morphisms between the two 
F-vector spaces V and VF, that is 

Hom;^,(l^, W)^{f -.V ^W\ fiax + Py) = a^fix) + f3Pfiy)}, 

for any a, (3 G F,x,y G V and D and H are defined on the Lie cochains (/) G 
H^{q, M) and ij; G H^{q, M) as, respectively (for any x, y G g): 

i?^(x) =a;f-io0(a;)-0(xW), 
p-i 

H^{x) ■y^Y.x^o ^{x, (ada;f-i-J"(y)) - ^(x^Ply). 
j=o 

In the particular case in which M = g is the adjoint representation and the algebra 
g has no center, the above 6-term exact sequence p.ip becomes 



(2.2) 



Hl{2,g)^H\Q,2), 

^ H^Jg,8) ^ i/'(0,g) ^ Homj.,(fl, //^(fl, g)). 



and the operator iJ becomes (for any G H^{q, g) and x, j/ G g) 
p-i 

(2.3) H^{x) ■ y = 5](adx)^' o ^(x, (adx)''-i-^(2/)) - ^'i^^^Ky). 

3=0 



Remark 2.1. T/ie Hochschild 6-term exact sequence i2.1\) has been interpreted 
as the initial sequence of two different spectral sequences relating the ordinary and 
restricted cohomology: 

r El''' = \lomFr{SPQ, H'^-^ie, M)) ^ Hl+\Q, M) tf p ^ 2 [JXNST) . 
\ El''' = Hom;^,(A«g, HP{q, A/)) ^ H^+'^iQ, M) [MRQT] . 

where S^q and A'^g denote, respectively, the p-th symmetric power and the q-th 
alternating power. 

2.2. Squaring operation. There is a canonical way to produce 2-cocycles in 
i?^(g,g) over a field of characteristic p > 0, namely the squaring operation (see 
[GER64j ). Given a derivation 7 (inner or not), one defines the squaring of 7 to be 

(2.4) Sq(7)(x,;/) il(p-i)l 

where 7* is the i-iteration of 7. In [GER64j it is shown that [Sq(7)] G i?^(g,g) is an 
obstruction to integrability of the derivation 7, that is to the possibility of finding 
an automorphism of g extending the infinitesimal automorphism given by 7. 
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3. The Witt-Jacobson algebra 

Let us recall the definition of the restricted Witt-Jacobson algebra, following 
[FS881 Section 4.2]. Let A{n) ^ 1) := F[xi, . . . ,x„]/(2;P, . . . ,a;P) be the ring 
of p-truncated polynomials in n variables over a field F of positive characteristic 
p>5. 

Definition 3.1. The restricted Witt-Jacobson algebra W{n) — W{n;l) is the re- 
stricted Lie algebra DerpA^n) of derivations of A{n) = F[xi, . . . ,Xn]/ (a^i, 

The Witt-Jacobson algebra W{n) is a free ^(n)-module with basis {i^i, . . . , 
Dn}, where we put Dj Therefore dimF{W{n)) = np^^ with a basis over F 

given by {x°'Dj \ 1 < j < n, < < p — 1}. It has a natural grading obtained by 
assigning to the element x'^Dj the degree \a\ — 1 := X)r=i ~ 1- particular the 
elements of negative degree are W(n)-\ = (Di, • • • ,Dn)F- The [p]-map is defined 
on the elements of the base by 



x^Dj if x^Dj = XjDj, 



otherwise. 

It is a classical result of Celousov (see |CEL70j or |FS88[ Section 4.8]) that every 
derivation of W{n) is inner or in other words that 

(3.1) Hl{W{n),W{n)) = [W [n) ,W {n)) = 0. 

Therefore, from the Hochschild exact sequence ()2.2p . we deduce that H'^{W{n), 
W(n)) = H^{W{n),W{n)). The Theorem O follows from [VIVH Theorem 1.1]: 

n 

H\W{n),W{n))=^{Sci(D,))F. 

1=1 

4. The special algebra 

Let us recall the definition of the restricted special algebra, following |FS88i 
Section 4.3]. Fix an integer n > 3 and a field F of characteristic p > 5. Consider 
the following map, called divergence: 

W{n) ^ A{n) 

n n 

^/,A^^A(/,:). 

V. i—l i—l 

The kernel of the divergence map S'{n) = S'{n;l) = {E £ W{n) \ div(£^) = 0} is a 
graded subalgebra of W{n) of dimension (n — l)p" + 1. 

Definition 4.1. The restricted special algebra S{n) — S{n;l) is the derived subal- 
gebra of S'{n): 

S{n) :=5'(n)(i) = [S'{n), S'{n)]. 
It turns out that there is an exact sequence 

^ S{n) ^ S'in) ^ ©^^i(a;"-(P-i)^'A)f ^ 0, 

where t := {p — 1, ■ ■ ■ , p — 1) and is the n-tuple having 1 at the i-th place and 
outside. Therefore S{n) has F-dimension (n — l)(p" — 1). A set of generators (but 
not hnearly independent!) of S{n) is given by the elements {Dij{f) \ f G A{n), 1 < 
i < j <n\, where the maps Dij are defined by: 

J A{n) — > W{n) 

\ f^D,{f)D,~D,{f)Dj. 
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In particular, the elements of negative degree are = (-Di, • • • ,Dn)F- The 

[pj-map on the above generators is given by 



A, (2:°) if 



''^ ' I otherwise. 

The first cohomology group of the adjoint representation is equal to (see |CEL70| 
or [FS881 Section 4.8]): 

n 

Hl{S{n), S{n)) = H\S{n),Sin)) = 0(ad(x^-(f-i)'' A))f 0(ad(xii?i))F. 

1=1 

From this result, we can deduce a criterion saying when a derivation of S{n) is inner. 
First we introduce the following notation. Observe that, expressing any element 
E G S{n) as F-linear combination of the generators Dij{x'^), the coefhcients of 
the terms of minimal degree Dij[xj) — Di and of maximal degree Dij{x'^) = 
x'^~'^^ Di—x'^~'^^ Dj are well-defined, that is they are the same for any such expression 
of E. We call the above coefficients Ejj. and £'£).^.(^t), respectively. 

Lemma 4.2. A derivation 7 : S{n) S{n) is inner if and only it satisfies the 
following conditions: 

(i) For every 1 < i < n, there exists a j ^ i such that j{x^ ^ Dj)^. .(^^.t^ = 0. 
Cii) ELi7(A)d. =0. 

Proof. We first prove that the two conditions are necessary. Consider an inner 
derivation ad(D), with D e S{n) C W{n). To prove condition (i), write D as linear 
combination of the base elements x°^Dh e W{n). Consider the element of W{n) 
given by (for i j) 

eid{x^Dh){xP-'D,) = [x^Dh,xr'D,] = x-Dh{xr')Dj - x^-^ D,{x'')Dh. 

Clearly, the two elements at the end cannot be equal to x'^~'^^Di and therefore 
ad(r')(a;f~^£'j)£).^-(a;T) ~ 0. To prove the condition (ii), write D — o-iXiDi + E 

with ExiDi — for every i. Clearly D G S{n) if and only if i? G S{n) and 
J27=i^i — 0- We compute 



k=l k=l 

However, the two conditions are also sufficient since 

n 

J2^(^{xiDi){Dk)D, = adixiDi){Di)D, = -1, 
fc=i 

ad(a;^-(f-i)'' A)«"^£'j) = -x^'^'^Dj + x^-'Wi = -Dij{x^). □ 

In [VIVl) Theorem 1.2], we prove that the second ordinary cohomology group 
of the adjoint representation of S{n) is 

n 

(4.1) H^S{n),S{n)) = 0(Sq(A))F 0(6}^, 

i=l 

where is defined by Q{Di,Dj) = Dij{x'^) and extended by elsewhere. Using 
this result and the Hochschild exact sequence (|2.2p . we can compute the second 
restricted cohomology group. 
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Proof, [of Theorem 1 1.2| The cocycle 6 does not belong to S{n)). In- 

deed, using that D?^' — 0, we compute (for i ^ j) 

p-i 

fe=0 

Therefore, according to Lemma l¥^ i'). the derivation HQ{Di) is not inner and hence 
e ^ H^{S{n),Sin)) by the Hochschild exact sequence {\Z.Z]] . 

On the other hand, we are going to prove that Sq{Dh) e {S {n) , S (n)) (for 
any h) by showing that for any Dr six"") & S{n) the derivation i?sq(nfc)(As(a;'^)) 
satisfies the two conditions of Lemma 14.21 

Suppose first, by contradiction, that the first condition of Lemma 14.21 is not 
satisfied for certain indices i ^ j, that is [TJgq^^i^) (£>rs(a;")) • x^~^Dj]^..^^T-j ^ 0. 
Then the index i must be equal to r or s and therefore, since we can choose the 
index j ^ i, we can assume without loss of generality that (i, j) — {r, s). However, 
from the definition of the operator H, it is straightforward to see that 

Hs^^D,)iDrsix''))-xP-^Ds e {xP''-'^-P''-P''^Ds,xP^-^P+^^'^-P''Dr)F, 

and this contradicts the hypothesis since the multi-index pa — — pss ~ P^h cannot 
be equal to the multi- index t ~ er- 

Suppose next, again by contradiction, that the second condition of Lemma l4.2l is 
not satisfied, that is J2k{^Sq{Dh){^rs{x"')) ■ Dklok 0- Then the element Drs{x°') 
must have degree 1 and the formula (|2.3p for H simplifies as 

i?Sq(D.)(A.(x'^)) • Dk = Sq(A)(A.(2:"),adZ?,,(a;°f-i • A). 
From this formula it is straightforward to see that 

i?Sq(D,)(As(a;'^)) • Dk e {DrsixP^-P'^-'-P-'^^'-+'^^-'^))F. 

Therefore if [-ffgq(£)^) (Z3rs(a;")) ■ Dklok 7^ Oi we must have that = XrXgXu and 
that fc = r or s. Now we distinguish two cases, according to whether h is equal to 
one of the two indices r and s, or not. If /i 7^ r, s, using the formulas 

<\,(\ D^^g{XrX sXli)P • — Drsix^Xj^ ), 
(id Drs(yXrXsXfi^P • Dg — JDj^^i^X^-X^ ), 

we get a contradiction with the non-vanishing hypothesis because of the following 

' Hsq(^jj^){Drs{XrXsXh)) ■ Dr = Sq{Dh){Drs{XrXsXh), DrsiXsX^^^)) = 

Hsci{DH){Drs{XrXsXh)) ' A = Sq{Dii){Drs{XrX ^Xh) , - Drs{XrxPf^^)) = 
^ — \Drs{XrX s) ^ -Dj-gi^X^^^ Dg. 

On the other hand, if /i = ?' 7^ s, one can prove by induction onl<t<p— 1 that 

t 

ad DhsixlxsY ■Dh=Y\{u-3)- Dhs{xlxs), 

^ &dDhs{xlxsY ■ Ds = -tlDhs{x]+^). 

Therefore both of the above expressions vanish for t = p—1, which contradicts with 
our assumption. □ 
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5. The contact algebra 

Let us recall the definition of the restricted contact algebra. Fix an odd integer 
n = 2m + 1 > 3 and a field F of characteristic p > 5. For any j e {1, ■ • ■ , 2m}, we 
define the sign a^j) and the conjugate j' of j as follows: 

(I if 1 < 7 < m, ( j + m if 1 < 7 < m, 

'\ J — — and s — — 

1 ifTO<j< 2m, \j — Tn ii m < j < 2m. 

Consider the operator Dh : A(n) W{n) defined as 

2m m 

j=i 1=1 

where, as usual, Di := g W{n). We denote by K'{n) — K'{n,X) the graded Lie 
algebra over F whose underlying f -vector space is A{n), endowed with the grading 
defined by deg(a;°) = |a| + a„ — 2 = o,i + 2a„ — 2 and with the Lie bracket 

defined by 

[x\x^] = Dh{x^){x') + [a„deg(a;^) - 6„deg(x'^)] x^+'-'- . 
Definition 5.1. The contact algebra is the derived subalgebra of K'(n): 
K{n) = K{n;l) = K'{n)'-^'^ = [K' (n), K' (n)]. 
Indeed it turns out that 

\ K'{n) ifp/(TO + 2), 

[K'{n)^r ifp|(m + 2), 



K{n) 



where K'{n)^r is the sub- vector space of K'{n) generated over F by the monomials 
x"" such that a^T:=(p — I,-- - ,p— 1). Note that the elements of negative degree 
are K{n)-2 = (1)f and K{n)^i = {xi, ■ ■ ■ ,x„)i?. The [p]-map on the base is 
given by 

00 if 00 — Ou '^00 01" 00 — 00 ^ 

otherwise. 



Observe that our notations for the contact algebra differ slightly from the ones of 
[FS88[ Section 4.5], since we have dropped the operator Dk used there. Therefore, 
our elements correspond to their elements 13^ (x"). 

The first cohomology group of the adjoint representation is equal to (see 
|(^EL70j or [FS88. Section 4.8]): 

(5.1) HliK{n),K{n)) = H\Kin),K{n))=\^ •[''//"X?' 

I (ad x ) F if p I (to + 2). 

From this result, we can deduce a criterion saying when a derivation of K(n) is 
inner in the case p\(m + 2) (in the other case, every derivation is inner). As usual, 
for any two elements i?,a;" G K{n), we indicate with E.j.a the coefficient of E with 
respect to the base element .x". 

Lemma 5.2. Suppose that p divides m + 2. Then a derivation 7 : K(n) K{n) 
is inner if and only if j(l)^T-e„ — 0. 

Proof. We first prove that the condition is necessary. Consider an inner deriva- 
tion ad(x''), with x° € K{n). Then, from the computation ad(a;'')(l) = [a;*^, 1] = 
= — 2a„a;"~'^", we deduce that ad(a:°)(l)3.T-E„ — since x'^ ^ K{n) by the hypothe- 
sisp|(TO + 2). However, the condition is also sufficient since ad(a;'^)(l) — 2x'^^'^^. □ 
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In |VIV2[ Theorem 1.1], we prove that the second cohomology group of the 
adjoint representation is 

2m 

(5.2) H\K{n),K{n)) = 0(Sq(x,))F © (Sq(l))F. 

2=1 

Using this result and the exact sequence (|2.2|) . we compute the second restricted 
cohomology group. 

Proof, [of Theorem II. 3| The theorem is clearly true in the case when p does not 
divide m + 2, because in this case the first cohomology group vanishes. In the case 
where p \ (m + 2), we are going to show that for any S K{n) the derivations 
7fgq(i)(a;") and Ha,q(^.'j{x°') satisfy the condition of Lemma 15.21 

Consider first the cocycle Sq(l) ~ 2Sq(-D„). From the definition ()2.3p of the 
operator H, it is straightforward to check that 

Therefore the condition of Lemma 15.21 is satisfied since the multi-index pa — 2pe„ 
cannot be equal to r — e„ . 

Consider next the cocycle Sq(xi). From the definition (|2.3p of H together with 
the fact that ad{xi) = a{i)Dii + XiDn, it is straightforward to check that 

Since n = 2m + 1 7^ 3 by the hypothesis p\{m + 2) and p > 5, the multi-index 
pa + rci — (j3 — r)ei> — sen cannot be equal to r — e„ and therefore the condition of 
Lemma [5.21 is satisfied. □ 



6. The Hamiltonian algebra 

Let us recall the definition of the restricted Hamiltonian algebra. Fix an even 
integer n = 2m > 2 and a field F of characteristic p > 5. 

We introduce some notations that will be used in this section. As before, for 
any j £ {1, • • • , 2m}, we define the sign cr(j) and the conjugate j' of j as follows: 

( 1 if 1 < 7 < m, ( j + m if 1 < 7 < m, 

[ — 1 if m < j < 2m, \j — m ii m < j < 2m. 

Given two n-tuples of natural numbers a = (ai, • • • , a„) and b = (bi, ■ ■ ■ , bn), we 
say that a < 6 if < 6^ for every i. We define the degree of a S N" as |a| = X]"=i 
and the factorial as a! = n"=i '^i- ^'^^ ^^'^ multi-indices a, 5 £ N" such that b < a, 
we set (l) := Hili ill) = b\(a-by. - Moreover, we define the sign of a e N^" as 
17(a) ~ n^l*)"' ^'^^ conjugate of a as the multi-index a such that = Oj' for 
every 1 < i < 2m. We set t := (p — 1, • • • ,p — 1) (as usual) and := (0, • • • , 0). 

We denote by H{n) — H{n;l) the graded f-Lie algebra whose underlying 
vector space is A{n), endowed with the grading defined by deg(a;") = |a| — 2 and 
with the Lie bracket defined by 

where Dh ■ A{n) W{n) is defined (as before) by 

2 m ?n 

rrf';\ r).( f\n-, — 



We denote by H'{n) — H'{n,V) the quotient of H{n) by the central element 1. 
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Definition 6.1. The restricted Hamiltonian algebra is the derived suhalgebra of 
H'{n): 

= [H' {n), H' {n)]. 

Observe that H{n) has i^-dimension p" — 2, with a base given by the elements 
{x"} such that ^ 1 and a;" ^ . The elements of negative degree are H{n)^i = 
(xi, • ■ • , Xn)F- On the elements of the base, the [p]-map is given by 

otherwise. 

Note that our notations for the Hamiltonian algebra differ slightly from the ones 
of [FS88|, Section 4.4], since for simphcity we have dropped the operator Dh used 
there. Therefore, our elements a;" correspond to their elements Dh{x'^)- 

The first cohomology group of the adjoint representation is given by (see 
|CEL70j or [FSMl Section 4.8]): 

n 

(6.1) Hl{H{n),H{n))^H\H{n),H{n)) = (adx")^ 0(xr' A')f © (deg)^, 

i=l 

where x^~^Dii is the derivation which sends x"" G H{n) into xf~^ Dii{x°') G H{n) 
and deg is the operator degree defined by deg(a;") = deg(a;°) 

From this result, we can deduce a criterion saying when a derivation of H{n) is 
inner. As usual, given two elements E, x"' € H{n), we denote by E^a the coefficient 
of E with respect to the base element x"". 

Lemma 6.2. A derivation 7 : H{n) H{n) is inner if and only if it satisfies the 
three following conditions: 

(i) There exists an index i such that 7(xi)^T-j., = 0. 

(ii) For any index i, it holds that "y{x^~^^~^'''^')^^-w = 0. 

(iii) There exists an index i such that "f{xi)xi + jixi')x., — 0. 

Proof. We first prove that the three conditions are necessary. Consider an inner 
derivation ad(D), with D £ H{n). Write D as linear combination of the base 
elements x"'. The element a.d{x°'){xi) — [x°',Xi] = —a{i)ai'X°'~'^^' cannot belong to 
{x'^~'^i')p since x'^ ^ H{n). Therefore the condition (i) is verified. Consider now 
the element 

[^a^^r-(p-i)£.] ^ -a(i)a,a;"+^-P^'-^-' + ^ fT(j)K-' - a^jx^+^-'-P-'^^"^-'^-'^' . 

We have that x'^+^-p'^-"-' ^ {x^-'^')f since Oi < p - 1 and ^ 
{x'^~'^i')p since a^' > 0. Therefore condition (ii) is verified. Finally, to prove 
condition (iii), we write D — X^Zli (^i^i^i' + E with Ex^x-, = for every i. For any 
index i, we have that 

D{xi)xi + D{xi')x., = -(T{i)ai + (T{i)ai = 0, 

and therefore also condition (iii) is verified. However, the three conditions are also 
sufficient since 

Sid(x'^){xi) = [a;'^,a;i] — cf{i)x'^^'^^' , 
ixr'D,,)ix--^P-'>')^-x^-'^', 
deg{xi)xi + deg{xi')x^, = -1 - 1 = -2. □ 




RESTRICTED INFINITESIMAL DEFORMATIONS OF RESTRICTED SIMPLE LIE ALGEBRAS 



In |VIV1[ Theorem 1.2], we prove that the second cohomology group of the 
adjoint representation is 



0(Sq(x,))F 0(n.,)F 0(n,)f^ © {^)f if n > 4, 



(6.2) H^{H{n),H{n)) = < 



i— 1 i<j i—1 

2 



0(Sq(x,))F©($)f ifn = 

4=1 

where the above cocycles are defined (and vanish elsewhere) by 

f U^.ix^x") = a;r'4"'[A(x")i^,(x'') - D,ix'')D,ix'')] for j / 
U^ix.x^x.^x") = a;-+f+(p-i)(^.+^.') if a + 6 ^ r - (p - 1)(6, + e,0, 
n,(a;fc, a;^-(P-i)(<^-+^.')) = -cr(fc)a;^-<^fc' for any 1 < fc < 



0<i5<a,6 

1-51=3 

Using the above result (|6.2p and the Hochschild exact sequence 
compute the second restricted cohomology group. 

Proof, [of the Theorem II. 4| For n > 4, the cocycles Hij and Hi do not belong to 
H^{H{n), H{n)). To unify the notation we set (only during this proof) 11^^' — Hi 
for 1 < i < m. Then, using that xj?' — 0, we compute (for i < j): 

Hn^^ix,) ■ x^-^P-^^'^' =%(x„(adx,)P-i(x^-(f-i)^^')) =a(*)a;^-^% 
Hn^^ixj) ■ = n,,{x,, {adx^ f-^x^-^P-^^'^')) = ^<j{j)x^-'', 

Therefore according to Lemma I6.2f ii) , no linear combination of Ilij can be in the 
kernel of the map H and therefore in H^{H{n), H{n)). 

Next we prove that Sq(a;h) = a{h)'&q{Dh') € H^{H{n), H{n)) by showing 
that for any x"' € H{n) the derivation Hgq(^^^ -j{x"') satisfies the conditions of Lemma 
16.21 Suppose, by contradiction, that the condition (ii) of Lemma l6.2l is not satisfied 
for some index i. Then for degree reasons we must have 

p--2 = deg(2;r^A') = deg(Sq(a;,,))+pdeg(a;") = -p + pdegix"), 

which is impossible since p ^ 2. Suppose now, by contradiction, that the condition 
(iii) of Lemma 16.21 is not satisfied and in particular that 

(*) [^^sq(..) i^n ■ ^hh, + [Hs^(.,)ixn ■ x^,]^^, + 0. 

From the definition of iJ, it is straightforward to see that 

i^Sq(.,0(2:") - a:,, e l^^v-^ve^-iv-^yu-^p^ 

From the hypothesis (*), it follows that = x\,Xh and therefore the formula 
simplifies (for any index A;) as follows 

Hsc^(x„){xi'Xh) ■ Xk = S(\{xh){xl,Xh, {a-dxiiXhY'^Xk)- 

By induction on 1 < r < p — 1 , one can verify that 

r (s.dxl,xnrxn'^a{h'y{-l)(-2)---{-r)xl+\ 

\ {a^dxlxhTxh = a{h'y2{2 - 1) • • • (2 - (r - 1)) xl,Xh. 
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In particular we have that {a.dx]^,Xhy ^Xf — {a.dx\,XhY ^Xh — and, substi- 
tuting in the above expression, we get Hsqi^x,^){x\,Xh) ■ Xf = Hsq(x^)ixl,Xh) ■ Xh 
contradicting the hypothesis (*). FinaUy, by using the first equation of (**) and 
the fact that the muhi-index pa — 2peh' — {p — l)e/i cannot be equal to r — e/j/, the 
condition (i) of Lemma [6.21 is satisfied for i — h. 

Finally, we prove that $ G {H (n) , H (n)) by showing that for any a;" G 
H{n) the derivation satisfies the conditions of Lemma [6.21 Suppose, by 

contradiction, that the condition (ii) of Lemma 16.21 is not satisfied for some index 
i. Then for degree reasons, we must have 

p-2 = deg(2;r^A') = deg($) +pdeg(x'') = -4 +pdeg(a;''), 

a contradiction. Analogously, if the condition (iii) of the Lemma is not satisfied by 
Ht^ix"") for some index z, then we get a contradiction by looking at the degree 

= deg(<i>) +pdeg(a;°) = -4 + pdeg(a;°). 

Finally, suppose that the condition (i) of Lemma 16.21 is not satisfied for some index 
j, that is [H^{x°-) ■ Xi]^T-t., ^ 0. Then, by looking at the degree, we get that 

TfL — 1 

degfa;") = 2m - 2 > 0. 

P 

In particular we have that p \ (to — 1), from which we deduce that either to = 1 or 
TO > p + 1 > 6. Suppose first that to 7^ 1. Then, from the formula (|2.3|1 and using 
that (x")^'"'^ = 0, we deduce that 

p-1 

H^ix")-!, G J2^ia^dx'')P-^-''ix'-''+^^''-'^''-^'^''^-'"'^'-^-^))F. 

\6\=3 k=0 

Fix a multi-index 6 appearing in the above summation and choose an index j ^ 
such Sj = 5ji = (this is possible since |^| — 3 and n = 2m > 12). Then the j-th 
coefficient of every monomial appearing in the expression 

p-1 

J2ia.dx'')P-^-''ix^''+^^''-^''-^'^''-'"'''-^-^) 

k=0 

is paj ^ J3— 1. Therefore the monomial x'^~'^'' cannot appear in the above expression 
and, repeating the same argument for every multi-index 5 as before, we get that 
[H^{x°') ■ Xi\^T-e., = 0, a contradiction. In the remaining case m — 1, we have that 

51=3 

From this and the hypothesis [His,{x"-) ■ xi\^T-t^, ^ 0, we deduce that = xfxf,. 
Using the straightforward formulas 

' (adx?4)'(^0 = [-2ai^tx1+\l 
< ^x',xl,x'y+'x'y,) = 2<j{{){k + l)kx'lx'^r\ 

iadx^xly-'-'^ix'^x':,-') = [-2a(^)]P-l-'=a:^'<^^ 

we get that i?$(a;'') -Xi = 2cr(i) ^^~J[(fc-f l)fc]j:'^~^i' = 0, since fc = mod p 

for p > 3 and J^Hl P = mod p for p > 5. This contradiction finishes the 
proof. □ 
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7. The Melikian algebra 

Let us recall the definition of the restricted Melikian algebra, following }STR04|, 
Section 4.3]. 

Let F be a field of characteristic p — 5. Consider W{2) — Deri?yl(2) = 
DeTFF[xi,X2]/{xi,X2), the restricted Witt-Jacobson Lie algebra of rank 2. Let 

W{2) be a copy of W{2) and for an element D G W{2) we indicate with D the 

corresponding element inside W{2). The restricted Melikian algebra M := M(l, 1) 
is defined as 

M = A{2) ®W{2) S)W(T), 

with Lie bracket defined by the following rules (for all D,E G W{2) and f,g G 
A{2)): 

' [D, E] := (iXE] + 2 div{D)E, 
[DJ] ■.= D{f)-2dw{D)f, 

' [fiDi + f2D2,giDi +52-D2] := /i52 - /25i> 
[f-E] -.^fE, 

^ [f,g] ■.^2{gD2{f)-fD2{g))D, + 2{fD,{g)-gDi{f))D2, 

where dW{fiDi + f2D2) := Di{h) + i:'2(/2) e A{2). The Melikian algebra M has 
a Z-grading given by (for all D,E & W{2) and / e .4(2)): 

degM{D) ■.= ideg{D), 

degM{E) :=3deg(£;)+2, 

degM(/) :=3deg(/)-2. 

In particular the elements of negative degree are 

M^^ = {Di,D2)f. Af-2 = (1)F, M^i^ {Di,D2)f. 

The [p]-map is defined on an element X Cz M hy 

. , ( X if X = xiDi or X2D2., 
y otherwise. 
It is known that every derivation of M is inner (see |STR04| Section 4.3]), that is 
(7.1) Hl{M, M) = H^{M, M) = 0. 

Therefore, from the Hochschild exact sequence (|2.2I) . we deduce that H^{M, M) 
= H^{M,M). The Theorem O follows from |VIV31 Theorem 1.1]: 

2 2 

H\M,M) - (Sq(l))j.0(Sq(A))^^0(Sq(A))j^. 

1=1 1=1 
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